Abstract. The normal forms and invariants of control systems with a single parameter are found. Then, bifurcations of equilibrium sets are classified.
1. INTRODUCTION In this paper, wle study bifurcation problems of nonlinear control systems with a single input and a single parameter. The following nonlinear system with parameter p is considered i -= f(€, P> + g(€, P ) V .
(1)
The variable < E l l ? ' is the state, v E R is the input variable and the parameter is p E R. The vector fields f ( ( , p ) and g ( ( , p ) are assumed to be Ck for some sufficiently large IC. The system has a single input t~ and a single parameter p. Our attention is focused on local The system is calleld linearly controllable if ( A , B ) is a controllable pair. As we know, system (1) can have infinite many equilibrium points. The topology of the set of equilibrium points can be changed as the parameter p is varied. The goal of this paper is to classify the equilibrium sets according to the topology of the set of equilibrium points for fixed values of p. It is found that the topology of equilibrium set can be different for values of p near an uncontrollable point. Therefore, we assume the following condition throughout this paper.
Assumption:
rank([ B AB A2B m . 9 A"-lB 1) = n -1. ( 
3)
To classify the equilibrium set and its bifurcation, it is necessary to introduce normal forms and transformations.
For systems with parameters, a transformation consists of a change of coordinateis and a feedback. Both can be parameter related. More ;specifically, a transformation is given by transformation is applied to (l), denote the equilibrium set of the resulting system by E . Then, in a neighborhood of ((, p ) = (0, 0), a point (<, p ) is in E if and only if (2, p ) = (4([, p ) , p ) is in E. Therefore, in the sense of diffeomorphism, the transformation (4) does not change the equilibrium set E (locally). Furthermore, the change of coordinates and feedback (4) does not change the properties of our interest such as controllability (of linearization) or stabilizability.
In f 2, we simplify nonlinear control systems by the transformations of form (41) . A set of quadratic invariants are found which plays the key role in the study of the bifurcations near a critical point. In f 3, the parametrizations of equilibrium sets are discussed for systems with different normal forms.
NORMAL FORMS AND INVARIANTS
The first step of finding normal forms is to simplify the linear part. Since the controllability index of (A, B )
is n -1, there exists a linear change of coordinates and feedback independent of , p transforming the system (1) into (6) 51 = X I , i 2 = 2 2 + 7 1 p , ... 5" = 2, + T n -l P , a = 21 + TnP, which transforms system (5) into (7) . For the reason of simplicity, we still use ( 2 , x ) and U to represent the state variables and control input for the new system.
If X # 0, the equation for z can be simplified by 2 
The normal forms for the linear part of (1) are summerized in the following lemma. (13) (iii) For (lo) , the normal form is
In the normal form, X is the uncontrollable mode of the linearization at ( z , z , p ) = (O,O,O). If it is not zero, the normal form of the linear part is given by (8) . If X = 0 and if p is considered as a state variable with b = 0, the matrix of uncontrollable dynamic system is a zero matrix or it can be simplified into a Jordan block. This two cases are shown in (9) and (10).
The following quadratic transformations are employed to simplify the quadratic part of a system into its normal form while leaving the linear part invariant.
The normal forms are given in the following theorem. The notation f72](z) in the theorem represents the extended controller form obtained in [7] . 
Proof. The theorem shows three quadratic normal forms for systems with different linearizations. We prove them separately.
(i) Suppose the linearization has the same form as (8) . We consider the extended system consists of (8) and another equation , b = 0, i.e. p is treated as a state variable. By the result in [8] , there exists a quadratic transformation
so that, under the new coordinates, the dynamics of E and 2 are in their quadratic normal forms given in [8] , which are n-1 z' = XZ + Sn-,2i" + S,Z2:1 + 5,51p + y,,zji + . . .
Since transformation (11) does not change the last variable p , we substitute the relation p = fi + 4F1(Z,2,p) back into (15). It is obvious that this will not change the linear and quadratic parts in the dynamics of Z and 2 . Notice that the system (15) is in the same form as (12).
(ii) If a system has the same linearization as (9), the results in [8] do not provide a complete normal form for the system since the linearization of the uncontrollable part (including the dynamics of z and p ) is not diagonal. To simplify the proof by using the results in [8] , let's first assume that p = 0. Then, system (9) can be transformed into the following normal form given in 181. can be simplified into the normal form (13).
(iii) The argument similar to the proof of (i) can be applied to (iii). Given a, system (10). If p is considered as a state variable, the extended system can be simplified into a normal form ([8] )
The quadratic transformation is
Since the transformation for our purpose do not change p , we substitute p = p + & ? I ( . , x, p ) back into (23). It is easy to see that this will not change the linear and quadratic parts of the dynamics of t and x. Notice that the system (23) is in the same form as (14). a
In the following, it is shown that the normal form of a system is completely determined by the invariants. The computation of invariants is straightforward. Given a control system, the normal form can be found without finding the change of coordinates. For the reason of simplicity, we assume that the linearization of the system is in the form of (8)-(10) . The parameter p is treated as a state variable such that fi = 0. In the following, the eztended system (including the original system and fi = 0) is denoted by i e = f e ( z e ) + ge(2e)u.
(24)
If a system is in one of the forms given by (8)-(lo) , then the extended system (24) has state variables z e = [ z 2 P I T .
Denote C, , C , , X, , X, the following row and column vectors in R " +~ Theorem 2 Given a system satisfying (3). Suppose its lznearatataon zs an the form of (8)-(10). 
(ii) The quadratic invariants of normal form (lZ)-(l./)
are the corresponding coeficients of the quadratic terms.
Proof. (i) The quadratic invariants ,Atr, S,, 6, and 6, are defined in the same way as the invariants for systems without parameters because the parameters in the system are treated as state variables. Similar to the proof in [lo], it can be proved that A t r , 6,, 6, and 6, are invariant under the quadratic change of coordinates and feedback (11). For systems in the form of (8), the term zp is the resonant term in the dynamic system of ( z , p ) and they can not be changed by change of coordinates of the form
By the separation principle in [SI, the coefficient of a resonant term does not change under any quadratic t r a n s formation of the form (11). Similarly, one can prove that, for system (lo), y,,, y,,, and y,,,, are invariant under are the coefficients of zp, z2 and p 2 , respectively. For the other invariants, we will prove the result for system (13). The other two cMeS are similar. Keep in mind that the state variables are in the order of z , 2, for the extended system. The Lie brackets of fe and ge are
where Xi is a vector in which the ith entry is 1 and the rest are zeros. For r = n -2 and r = n -1, we have (26) and for (12) fpl(t,x,p) (28) +hn-1(22,23,.-.,cn-1)+O(z,~,p) 2.
f o r (141 Substituting these relations into the right side of (26), they are equal to the corresponding coefficients. a Given a system satisfying assumption (3). The linear part of the system can be transformed into a system in one of the forms given by (8), (9) or (10). They have 
(29)
different bifurcation patterns which are addressed in the following sections.
THE EQUILIBElIUM SET
In this section, parametrizations are given for the equilibrium set of systems satisfying assumption 3. Locally they are approxima.ted by quadratic surfaces.
Theorem 3 Consider a system of form (8) . The equilibrium set E satisfies Remark. The theorem implies that the equilibrium set is a two dimensional manifold. At the origin, the manifold is tangent to the xlp-space. For any k e d po, the set of equilibrium points with p = po is a smooth curve in the state space. Therefore, the equilibrium set does not have bifurcation. However, it can be proved that the controllability of the system changes as the equilibrium points are varied. The proof of this fact is omitted for the reason of space. a Proof. Given any quadratic change of coordinates and feedback (11). 'Under the new coordinates, the equations in (30) are equivalent to
which have the same form as (30). Therefore, the property of Theorem 3 is invariant under quadratic transformations. To prove the result, it is enought to show the result for systems in the normal form. Consider system (12), it is obvious that a point in the equilibrium set satisfies
5 i s n -1
The solution of these equations for xi, i = 2 , . . , n -1 and z is in the form of ( 3 0 ) .~ Now, we consider system (9). In this case, the values of x1 and z are used as the parameters of the equilibrium set E. Furthermore, since transformation (11) does not change p , all the quadratic terms in the parametric equation of 1. 1 can be found. Modulo the higher degree terms in ( (1 1) . Therefore, we only consider a system in normal form, which is (13). Any point in the equilibrium set satisfies 
Theorem 4 Given a system (9

